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GENERALIZED POTENTIALS
AND OBSTACLE SCATTERING

RICHARD L. FORD

ABSTRACT. Potential scattering theory is a very well-developed and understood
subject. Scattering for Schrodinger operators represented formally by —A+ V',
where V is a generalized function such as a J-function, is less understood and
requires form perturbation techniques. A general scattering theory for a large
class of such singular perturbations of the Laplacian is developed.

The theory has application to obstacle scattering. One considers an alter-
native mathematical model of an obstacle in R” . Instead of representing the
obstacle by deleting the region inhabited by the obstacle from R”, the surface
of the obstacle is treated as impenetrable. The impenetrable surface is under-
stood to be the limiting case of a sequence of highly spiked potentials whose
support converges to the surface of the obstacle and whose peaks grow without
bound. The limiting case is identified as a J-function acting on the surface of
the obstacle. Hamiltonians for the limiting case are constructed and the condi-
tions governing the existence and completeness of the associated wave operators
are determined through application of the general theory.

1. INTRODUCTION

The problem of scattering by obstacles has received much attention by many
authors over the past twenty-five years or so. Lax and Phillips [13], T. Ikebe
[8], A. Shenk [19], Y. Shizuta [20], and Wilcox [23], have all made significant
contributions to the field. In 1986 A. G. Ramm [15] published a book Scattering
by Obstacles. All of the above authors have studied solutions to various operator
equations (usually the wave or Schrodinger equation) in an exterior domain.

We shall instead view the obstacle as a limiting case of highly spiked poten-
tials concentrated on the surface of the obstacle. A significant advantage of our
approach is that we will obtain a perturbed Hamiltonian that acts on the original
space, R", rather than on a second restricted space. This allows the application
of single-space scattering theories that may not apply in the two-space setting.
To view the obstacle in this way requires a scattering theory applicable to highly
singular perturbations of the Laplacian. The purpose of this paper is to develop
that theory and to provide examples of its application to this type of obstacle
scattering.

Many authors [2, 5, 10, 11, 14] have studied singular potential function
perturbations of the Laplacian. Our purposes require a theory that allows
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416 R. L. FORD

generalized function perturbations such as the delta-function where the Hamil-
tonian is defined by a quadratic form. In this regard there is a result by Davies
[4] that has application. Davies studied the eigenfunction expansion of highly
singular perturbations of the Laplacian in R3. His perturbation was defined by
a form sum in the same fashion as constructed in this work. That is, he defined
the sum

(1.1) (Hu, v)+/u(x)'u(x)V(dx),
where H is the Laplacian and V' is any measure on R3 satisfying
(1.2) J1x =y vian < @+

Davies constructs the associated Hamiltonian and develops an eigenfunction ex-
pansion that he uses to prove the completeness of the associated wave operator,
which he assumes exists.

Within this paper we shall examine a general setting similar to that of Davies.
That is, we shall consider the case where the Laplacian, H , is perturbed by the
form

(Au, Av) = /R UV I(dx),

where V is a general signed measure on R" satisfying certain criteria. An
appropriate selfadjoint operator shall be constructed and the associated wave
operator shall be shown to exist and be complete. Application of our results to
obstacle scattering is accomplished by decomposing ¥V into two parts, one of
which is the surface measure on the obstacle. This surface measure corresponds
to the Jd-function acting on the surface. The other remaining portion of the
measure corresponds to the potential that acts on a particle both before and after
interaction with the boundary of the obstacle. When our results are compared
with those of several of the authors referred to above, we find that with this view
of the obstacle, most of the previously mentioned existence and completeness
results shall hold and in some cases be generalized. We now state our primary
scattering theory result.

Theorem 1.1. Let H = —A and let the signed measure, V, on R" satisfy the
following criteria:

(1.3) sup/ |x —=y*"|V|(dx) - 0 asd \,0,
Yy Jlx—y|<é

(1.4) / |x — y|1=M72|\V|(dx) is bounded and — 0 as |y| — oo,
[x=y|>1

and

(1.5) / Ix — 21|V |(dx) is bounded and — 0 as [y| — oo.
[x—y|<1

As an alternative to (1.4), suppose V satisfies
(L.6) J[ o =yivi@n i) < .
[x=y|>1

Under the conditions on V' above, the following hold.:
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(1) There exists a selfadjoint operator, H,, that satisfies
(1.7) (u, ﬁ,v)k = (Hu, v) +/u(x)v(x)V(dx), ue D(H), ve D(I::ﬂ).

(2) The wave operator, W(fll , H), exists and is strongly complete.

We now consider a general bounded obstacle, Q, in R" and denote by ¥
the inherited surface measure. We let g(x) be a real-valued potential and
define the measure V; by V5(S) = [ q(x)dx. We require that V5 satisfy the
conditions of Theorem 1.1. We also require that dQ be piecewise C?. One
shows easily (see [6]) that (1.3), (1.4), and (1.5) hold for ¥V = V; . We now take
H to be the standard selfadjoint realization of the Laplacian in R”. Setting
V = Vi + V, in Theorem 1.1 we observe that all of the conditions of Theorem
1.1 apply. Thus there exists a selfadjoint operator, H;, that corresponds to
the formal operator H + g + 0, where ¢ is the generalized Jd-function on the
surface of Q. More precisely, we have the following

Theorem 1.2. Let H = —A, and let & be the unweighted J-function on the
surface of an obstacle, Q, whose boundary, 9Q, is piecewise C?. Let q(x)
be as above. Then there exists a selfadjoint operator, H,, that satisfies for all
ue D(H) and v € D(Hy),

(1.8) (u, Hv) = (Hu, v)+/ u(x)mdw+/ u(x)v(x)g(x)dx.

Q

Furthermore,
(1.9) Ri(2) = R(z) + [AR(Z)]*G(z)"'EAR(z),

where R(z) is the resolvent of Hy, R(z)is the resolvent of H, and A, E, and
G are as defined in the proof of Theorem 1.1. In addition, the associated wave
operator,

W(Hl , H) — tllgl3 eiHlte—th ,

exists and is strongly complete.

This result corresponds with the bounded obstacle results of Weder and
Combes [22] and generalizes the results of Ikebe [8]. In applying our result to
unbounded obstacles we need to require that the surface measure obeys (1.3).
By applying a nonvanishing weighting function, p(x) = (1+|x|)~*, to the delta
function on the surface we can be certain that (1.4) and (1.5) hold for a > n.
We thus have the following.

Theorem 1.3. Let Q be any open subset of R* with finitely many connected
components such that 0Q is a C*-manifold of dimension n — 1 and such that

(1.10) sup/ x =y "dw, -0 asd \,0,
y Jix—yl<d

where dw is the usual inherited surface measure on Q. For o > n, set
p(x)=(1+|x|)~®. Let V be the weighted surface measure given by

V(dx) = p(x)dw,.
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Then there exists a selfadjoint operator, H,, on L*(R") satisfying
(u, Hv) = (Hu, v) +/u(x)v(x)V(dx), ue D(H), veDH),

where H is the standard selfadjoint realization of —A in R". Furthermore, the
associated wave operator, W (H, , H), exists and is strongly complete.

This result extends [3] and [22] to more general unbounded obstacles.

2. SCATTERING AND COMPACTNESS CRITERIA

We now provide the statements of the general theorems that are used to prove
the concrete theorem of the previous section. We have

Theorem 2.1. Let A be a linear operator from some Hilbert space, H, to another
Hilbert space, K. Let H be a selfadjoint operator on H such that D(H) C
D(A), and let E be a bounded selfadjoint operator on K. Assume there is a
point zq in the resolvent set p(H) of H such that the following statements hold
for z=1z¢ and z=7Z:
(a) AR(z) € B(H, K), where R(z)=(z - H)!.
(b) R([4R(z)I") C D(A4) and Q(z) = A(AR(Z))" € B(K).
(¢) G(z) =1—-Q(z) and G(z) =1 — EQ(z) have bounded inverses on K.
(d) Q(2)* =0Q(2).
(e) There exists an open set A C R such that the Lebesgue measure of (R—A)
is 0 and the following hold:
(1) Q(z) is uniformly continuous in w; for each I CC A, where A CC B
means A C Band A C B and where w; = {(s +ia):s € I, a < ¢y}
for some ¢y > 0.
(2) Thereisa z, € p(H) such that AR(z)[AR(Z1)]* is a compact operator
on K for every z € wy.
Then the following conclusions hold:
1. Ry(z) given by

(21 Ri(2) =R(2) +[AR@TG(2) 'EAR(z),  G(z)=1-0(2),

is the resolvent of a selfadjoint operator, H,, on H such that D(H,) C D(A).
2. H, satisfies

(2.2)  (u, Hv) = (Hu,v)+ (Au, EAv)x, u€D(H), ve D(H,).
3. The wave operator, W(ﬁl , H), exists and is strongly complete.

In addition to the preceding abstract theorem we shall prove and use the
following compactness theorem.

Theorem 2.2. Let H be the Laplacian on R" and V be any measure on R”
satisfying
(2.3) sup/ |x —y|>~"|V|(dx) vanishes as |y| — oo
y |x—y|<1
and

(2.4) sup/ lx =y "V|(dx) - 0 asd\0,
y€er' J|x—y|<é
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where T is the support of V. If A is the inclusion map from L*(R") to
L*>(R" : |V|) with domain D(H), and R(z) is the resolvent for H , then for any
zy and z, such that im z; # 0, the operator AR(z;)[AR(Z;)]* is compact.

We proceed directly to the proofs.

3. THE PROOFS

We begin by proving Theorem 2.1. We employ the following theorems due
to Schechter [18].

Theorem 3.1. Let A and B be linear operators from some Hilbert space, H,
to another Hilbert space, K. Let H be a selfadjoint operator on H such that
D(H) c D(A) N D(B). Assume there is a point zq in the resolvent set p(H) of
H such that the following statements hold for z = zy and z =7Zj :

(a) AR(z), BR(z) € B(H, K), where R(z) = (z—-H)™'.

(b) R([AR(z)]*) C D(B) and Q(z) = B[AR(Z)]* € B(K).

(¢c) G(z) =1—-Q(z) has a bounded inverse on K.

(d) T(z)* = T(Z) for T(z) = R(z) + [AR(Z)]*G(z)"'BR(z).

Then T(z) is the resolvent of a selfadjoint operator, Hy, on H such that
D(H,) C D(B). Furthermore, H, satisfies

(3.1) (u, Hv) = (Hu,v)+ (Au, Bv)x VYu e D(A4), v e D(B).

Theorem 3.2. Suppose that

(a) (3.1) holds and

(b) there is an open set, A C R, such that (R— A) has Lebesgue measure O
and

(1) (a)-(d) of Theorem 3.1 holds for all z € w, .
(2) limsup,. supse; al|AR(s + ia)||* + a||BR(s + ia)||* < oo for each I CC
A

(3) Q(z) is uniformly continuous in wy for each I CC A.
(4) Thereisa z, € p(H) such that BR(z)[AR(z1)]* is a compact operator
on K forevery z € wy .

Then the wave operator, W (H,, H), exists and is strongly complete.
To prove our Theorem 2.1 we first provide the following technical lemmas.

Lemma 3.3. Let conditions (a), (b), and (d) of Theorem 2.1 hold for z = zy and
z =Zy. Then those conditions also hold for all z € p(H).

Proof. For arbitrary z € p(H;) we have, by the resolvent equation,
(3.2) AR(z) = (zg — z)[AR(2p)]R(z) + AR(zp) .

Thus, AR(z) is bounded for all z € p(H) proving (a) holds for all z € p(H).
From (3.2) we also have

(3.3) [AR(Z)]" = (20 — 2)R(2)[4R(Z0)]" + [4R(Z0)]",

which shows that (b) holds for all z € p(H). As above, for arbitrary z € p(H)
to verify that Q(Z) = Q(z)* we have from (3.3)

(3.4) Q(z) = {(z0 — 2)AR(z0)[AR(Z)I"}" + Q(Z0) = Q(2)".
Thus (d) holds for all z € p(H), completing the lemma. 0O
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Lemma 3.4. Under the conditions of Theorem 2.1,
(3.5) G(z)'E=E[GZ)™ Y, z=2z0,7%.

To see this, we have, by assumption, Q(z)* = Q(Z) and G(z) has a bounded
inverse for z = zg, Zg, thus we have

EG(z)* = E[1 - Q(2)]E = G(2)E

and therefore,
(3.6) E = EG(Z)'[G(Z)"']" = G(2)E[G(Z)*]".
Applying G(z)~! to both sides we obtain (3.5). O
Lemma 3.5. Let the conditions of Theorem 3.1 hold and assume that B = EA,

where E is a bounded, selfadjoint operator. Then G(z) =1~ B[AR(Z)]* has a
bounded inverse for all z € p(H).

Letting ﬁl(z) = T(z) we remark that by setting ¥ = R(z)f and v = ﬁl(z)g
in (2.2) we have (see [17])
(3.7) Ri(z) - R(z) = [AR\(2)]"BR(z) = [AR(Z)I"BR.(2) .

Using this fact at the appropriate moment below for él(z) = B[A1~{1 (2)]*, we
have

[1 =01+ Qi(2)] = 1 - O(2) + Ci(2) - O(2) Qi (2)
= 1+ EA{A[AR,(2)]'[BR(Z)]}" - O(2) Qi (2)
= 1+ B[ARZ)"EA[AR,(2)]" - 0(2)Q:(2)
=1,
where we have used the fact that
(3.9) {AIAR(2)]'}" = {A[4R, (DT} .
This fact follows from a long but straightforward calculation when z = zy and

z = Zg in (2.1), from the conditions on E, and from condition (c) of Theorem
3.1. For arbitrary z € w; we follow the same calculation as in (3.4). O

(3.8)

Lemma 3.6. Let R(z) be the resolvent of a selfadjoint operator and suppose
AR(z) is bounded and R([AR(z)]*) € D(A) for imz # 0. Then for z =s+ia,
a>0,

(3.10) AR(2)[AR(2)]* = i_i—:l{A[AR(?)]* — A[AR(2)]*}.

Proof. This equality follows easily from the first resolvent equation applied to
the R.H.S. of (3.10). We have the following corollary.

Corollary 3.7. If sup,¢,, |[A[AR(Z)]*|| = ¢ < 00 and Q(z)* = Q(Z), then
(3.11) sup a||AR(s + ia)|* < ¢ < .

zZEW;

Proof. We have
a||[AR(s + ia)]" f||* = a(AR(s + ia)[AR(s + ia)]" f, f)
< HIIALAR(s — ia)]"|| + | A[AR(s + ia)]" I} A1
<@

The corollary follows from this estimate O
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Proof of Theorem 2.1. Note all of the conditions in Theorem 3.1 are assumed
in the hypothesis of Theorem 2.1 with the exception of (d). To verify that (d)
holds as well, we note that by Lemma 3.4
T(z)* = {R(z) + [AR(Z)]*G(z)"'EAR(z)}*

=R(Z) + [AR(2)"G(Z)"'EAR(Z) = T(Z).
This completes the verification that all of the conditions of Theorem 3.1 hold.
We thus can conclude that the appropriate Hamiltonian exists satisfying (2.1)
and (2.2), so that (a) of Theorem 3.2 is satisfied. In addition, we can now
apply Lemmas 3.3 and 3.5. This together with the fact that E is bounded
allows us to conclude that (b)(1) of Theorem 3.2 holds. Since Q(z) is uni-
formly continuous in @y, so is EQ(z) and so (b)(3) holds. Furthermore, by
Lemma 3.3 the conditions of Lemma 3.6 hold so that we can apply Corollary
3.7, which together with the boundedness of E allows us to conclude that (b)(2)
holds. As our hypothesis assumes AR(z)[4R(Z,)]* is compact, therefore so is
EAR(z)[AR(Z,)]* since E is bounded. Thus (b)(4) holds, completing the ver-
ification that all of the conditions of Theorem 3.2 hold. This completes the
proof of Theorem 2.1. 0O

Proof of Theorem 2.2. The proof of this theorem will be accomplished through
a series of lemmas. The basic concept is to analyze the kernel associated with
AR(z1)[AR(z;)]* and show that the operator associated with a properly trun-
cated Hilbert-Schmidt version of that kernel converges as an operator in the
operator norm as the truncations move to infinity. We let G, (x) be the usual
Green’s function associated with R(z) where imkx > 0 and x2 = z so that
R(z)u(x) = Gy * u(x) . We then have that

(AR(z\)AR(E)'u, v)
(3.13) = [[] Getx = 6us(& ~ vty T ) de v (ax)

= [[ Ktx, yur i@ @)y @),

(3.12)

where
(3.14) K(x,y) = / G (x = )Gy (& — ¥) dE .
R”

From Thoe [21] we have the following estimates:
(n=3)/21y|(1-n)/2 p—|x|imx if >R
CRlK X e it (x| >R,
613 G { S o Il
crlx| if |x] < R,
where cr is a constant depending only on R. From this it is easily verified
that K(x, y) satisfies the following estimates:

(3.16) K(x y)|<{KR|x—y|2‘" if |x —y| <R,

Kg|x — y|(I=M/2e=1x=¥Ic  otherwise,
where k¥ = min(imk;, imk;). We let C = sup, f1x—y|<1 |x = y>~"|V|(dx).
Then by standard arguments one can show there is some constant, M , such
that forany R> 1,

(3.17) / |x —y|>"|V|(dx) < CMR".
|x—y|<R
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Furthermore, M can be chosen so that

(3.18) f Vi(dx) < CMR"
[x—y|<R
holds as well. We now set By = {x : |x —y| < N} and let 7} = B}, — B).
We have
Lemma 3.8. There are constants, k; and k,, such that for any N >0,

(3.19) /T K )V I(dx) < ke N (N 4 1)1

Proof. From (3.16) we have that |[K(x,y)| < Kye~ k= for |x —y| > 2,
where k; = min(imk;, imk,). Thus using (3.14) we have that

/ [K(x, »)||V](dx) < sup |[K(x, y)] |V| (dx)
xGT

(3.20) < Kye N / L Vidx)

N+1

< CM(N + 1)'Kye kN,
Setting k; = CMK, completes our lemma. O

Lemma 3.9. For each fixed N, S vanishes as R — oo, where

(3.21) S¥ = sup [V|(dx).
ly>RJ B,
Proof. Set
(3.22) Dp = sup/ [V (dx).
[YI>R J|x—y|<1

By (2.3) we have that Dg vanishes as R — oo . Therefore, for R > N, since

sup / [V|(dx) < Dr_n

y'€B}, JIx—y'|<1
and using the fact that B}, can be covered by M N" unit balls whose centers
are in B),, we have that
(3.23) S¥ < MN" sup / |V|(dx) = Dr_.nMN".

[y|>R—N J|x—y|<1
The R.H.S. vanishes as R — oco. O
Lemma 3.10. Let N be fixed. Then T — 0 as R — oo, where
(3.24) Te=sup [ KGx, p)lIVI(@x).
IyI>R J By,

Proof. We write Ty = Ig + Jg, where

Ir = sup / K (x, )| [V](dx)
|y|>R J B}, —BY
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and
In= s [ 1K V1@,

lyI>R
Jr vanishes as R — oo by our assumption (2.3) and our estimates (3.16) on
K . Using the estimates on K we also have

Ir < sup / Ky[x — y|1="/2e= =YK V| (dx)
Y _RY
(3.25) Wik JBy—5

< sup [ K i|V|(dx)=K,S¥
ly|>R J B},
which also vanishes as R — oo by Lemma 3.9.

Lemma 3.11. If the measure V on R" satisfies (2.3), then K(x,y) satisfies
(3.26) sup /IK(x, MNVI(dx) -0 asR— oo.

[yI>R
Proof. We let ¢ > 0 be given and choose M so large that

(3.27) Z ke RN(N + 1)" < = M>2.
N=M

We then apply Lemma 3.10 and choose R so large that

(328) vi>R= [ K IV <

NI°=

Then for any such y we have
/ IK(x,y)HVI(dX)S/ IK(x, »IIVIdx) + Z/ IK(x, y)||V](dx)
R o

+ Z ke N(N+1)" < ¢
N=M

I\)IO:

where the estimations above make use of Lemma 3.8. Our lemma follows. 0O
Lemma 3.12. f|x—y|>2 IK(x, »)2|V|(dx) is uniformly bounded in y .
Proof. Following the proof of Lemma 3.8 we have that
/ K IPIVIE) < sup KGx. P / Vi(dx)
< k%e“”‘z”(N + 1)y,

where k; is as in Lemma 3.8 and where S} is as in (3.21). Since S}’ < co by
Lemma 3.9, we can conclude that

(29) [ K PIVIEx) < Y ke NN 4 1S <o, D
|x—y|>2 N=3
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We now complete the proof of Theorem 2.2. We set L = AR(z)[AR(z2)]*
and let L” and L}, be the operators with kernels K" and K], given by

K(x’y)9 |x—y'>1/n,
. K" =
(3.30) { 0, otherwise,
K"(x,y), Wl<m,
31 no—
(3-3) K {0, otherwise .

Our proof consists of showing that L is Hilbert-Schmidt and that L}, — L"
in the operator norm. Having shown that L” is compact, we show L" — L in
the operator norm. This will complete our proof. To see that L}, is Hilbert-
Schmidt we apply Lemma 3.12 and the fact that K(x, y) is bounded uniformly
in y ontheset {(x,y):|x —y|€(1/n, 2]} to conclude

(3.32) sup / IK(x, »)2IV|(dx) < oo.
y Jix—y|>1/n

Thus,
[ 1K prwiE@n i@y
= [ [ KG PIVIVI@) < oo
lyl<m Jx—y|>1/n

Next, to see L, — L" we have

2

I([Ly, = L™, )| = V/II K"(x, y)u(y)v(x)|V|(dx)|V|(dy)
yi>m

(3.33) X
< Jullfol? sup { [ K" e Vi

lyl>m

The integral in (3.33) vanishes as m — oo by Lemma 3.11. Thus, ||L}, —L"|| —
0 as m — oo showing each L" is compact. Similarly,

2
34)  (L~-L"u,v)* < Ilullzllvllzsgp{/ IK(x, y)l lVl(dy)} :

|x=y|<1/n

We see by our condition (2.4) and the estimate (3.16) that the last integral in
(3.34) vanishes as n — oo. Thus, ||L - L"|| - 0 as n — oo showing L is
compact. 0O

4. APPLICATIONS

We now consider applications of the theorems in §2 to prove the theorem in
the first section. Our proof consists of verifying conditions (a)-(e) of Theorem
2.1. Welet H= L%(R") and K = L?(R" : |[V|). R(z) is the resolvent of the
Laplacian and A is the inclusion operator from H to K. The first condition
that we verify is that 4AR(z) is bounded for all z :im(z) # 0. Note that this
will imply D(H) C D(A).



GENERALIZED POTENTIALS AND OBSTACLE SCATTERING 425

Lemma 4.1. Let A be as above. Then AR(z) is a bounded operator from H to
K for all z such that im(z) #0.

Proof. We have by the proof of Lemma 3.11 that
(4.1) sup/[G(x——y)||V|(dx)=k<oo
y

for some constant, k. Thus we have the following:

2
42)  |[(AR()u, v)P < { [ 16xx = putryoio) |V|(dx>}
(4.3) < KIGlp Julvl?. o

This shows that (a) of Theorem 2.1 holds. To show that (b)-(d) hold we
provide the following technical lemmas.

Lemma 4.2. Forany r >0 and rez < 0 there is a constant, o, depending only
on r and the dimension, n, such that

(4.4) |Ge(x)| < a|rez|~V2|x|>~" forall |x| >r,
where k2 =z and imk > 0.

Proof. By Schechter [16] we have

n—n/2 e 2
(4.5) Ge(x) = —4—~|x|2‘”/ e Xl /4s=sgn/2=24s  rez < 0.
0

Thus, for |x| > r we have
n——n/2
4

00
(46) |G,c(x)| < |x|2—-n/ erezr2/4s—ssn/2—2 ds < a|x|2—n| reZ|—1/2 ,
0

where
n—n/? 2@=m/2(T 12
a=—p {T'(n - 1)}/=.
This completes the lemma. O

We now provide the necessary results ensuring the existence of a zg in p(H)
such that 1 — Q(z) has a bounded inverse for z = zp, and z = Z; under the
hypothesis that V' satisfies (1.3) and either (1.4) and (1.5) or (1.5) and (1.6).
Under the former hypothesis we have

Lemma 4.3. If V satisfies (1.3), (1.4), and (1.5), then given z such that rez < 0
and given any ¢ > 0 there exist constants «y and o, depending only on € such
that

(4.7) sup/ |Ge(x — V)|V |(dX) < &+ ay|1e 2| 7V/? + ay|i|3—7)/2e~ imK
y

Proof. Let &€ > 0 be given. Then by (1.3) and (3.15) there is some r € (0, 1)
such that

(4.8) sup / 1Ge(x — )| [V |(dx) <.
Y Jlx-yl<r
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By Lemma 4.2 we have

sup / G (x — )|V |(dx)
(4.9) Y Jr<ix—yl<1

< supa|re 2|12 / X — 2"V )(dx) < e re 2|2,
y |x—y|<1

where a; = asup, f{x—y|<1 |x — y|>*~"|V|(dx) , which is finite by (1.5) and inde-
pendent of z. We also have in view of (3.15) and (1.4) that

(4.10) sup/ |G (x = V)| [V |(dx) < ask|3~M/2e—imx
Yy Jlx—y|>1

where

a3 = ¢1 sup / Ix — y|0="2V|(dx),
Yy Jix—y|>1

which is finite by (1.4). Combining (4.8), (4.9), and (4.10) completes our
lemma. O

We can now provide a useful estimate for ||Q(z)|. We write

(Q(2)u, v)| < lull|lvll {SHD/IGK(X —y)IV(dX)}
yer

< lullllvli{e + arl re 2|71/ + ay |k |37/ 2e 7 imKY
The above yields the estimate
(4.12) 10(2)]l < &+ ai|re z| 712 + ay|k|3=M/2gimK
We now consider the case when (1.5) and (1.6) hold and provide estimates for
1Q(2)]| . We have

(0(2). u, v)] = ' [ Getox =ty oV @ viax)

(4.11)

(4.13) < / / |G (x — Y)u()v(x)| [V (dy)|V|(dx)
|x—y|<1

(4.14) N / /I G =y V)V ().
x=y|>

We let (4.13) and (4.14) be denoted by I; and I, respectively. Regarding I;
we can utilize (4.8) and (4.9) and conclude that given any ¢ > 0, there is some
a; such that

(4.15) sup/ |Ge(x =WV [(dy) < & +ay|rez|™V/2.
y Jix—y|<1

Thus, applying Schwartz to I; we obtain

2
2 2 2 _
(4.16) I < jull*fjv| {Sgp/lx-—ﬂsl |G (x — )| lVl(dy)}

= lulPllv]*{e + | re z|71/2}2.
We now apply (3.15) to I, obtaining
(4.17) I < ank |G 2™ Iy || lo]|,
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1/2
@ = { e —y)l""IVI(dy)IVI(dX)} :

which is finite by (1.6).
Combining (4.16) and (4.17) we obtain that

where

(4.18) 10(2)|l < & + ai| re z| 712 + q|k|3=M/2e=imx |

where a; and a; are independent of z. The above shows that (b) of Theorem
2.1 holds. Furthermore, we now provide

Lemma 4.4. If V satisfies (1.3) and either (1.5) and (1.6) or (1.4) and (1.6),
then there is a zog € p(H) such that Q(z) has norm less than | for z = zy and
z =7Zg, hence 1 — Q(z) has a bounded inverse for z = zy and z =7Z;.

Proof. By estimates (4.12) and (4.18) we have only to choose ¢ = % and then

choose z; such that rez and imxk are sufficiently large. O

By the above Lemma 4.4 we can find a zo such that condition (c¢) of Theorem
2.1 is satisfied. To verify condition (d) we have

(Q@)u, v)x = / Gy (x — V()0 ()Y (dy)V (dx)
(4.19) - / / Gl =D u()o @V (dy)V (dx)
- / / u(y)Gelx — OV (dy)V (dx) = (u, Q(2)v),

where we are using the fact that the Green’s function for R(Z) is the complex
conjugate of that for R(z). This combined with the fact that Q(z) is bounded
for z € p(H) shows that (d) holds.

We now turn our attention to verifying condition (e) of Theorem 2.1. Condi-
tion (e)(2) follows from Theorem 2.2, thus it only remains to verify the uniform
continuity of Q(z) for some appropriately chosen A C R. To achieve this we
shall let V'V (respectively Vy) be the measure generated by restricting V' to
outside (respectively inside) the ball By of radius N in R*. We let AV (re-
spectively Ay) be the associated identification operators.

We then set Qn(z) = Ay[ANyR(Z)]* and let A =R — {0}. We next provide

Lemma 4.5. Let conditions (1.3) and (1.5) hold for V and suppose the support
of V is contained in the ball Br for some R. Let ¢y > 0 and set w; = {s+ia:
selcCcA, a<co}. Then ci(zy, z2) < Ni|zy — z,|, where N is a constant
depending only on I and

(420) (21, 22) = sup / 1Gry (X = ¥) = Gy (x = PV I(d).
y Rn

Proof. We use the estimate that follows easily from Thoe [21] that, for z; € w;,
i =1, 2, there is a constant, N, depending on R such that

(4.21) |G, (X) = Gy (X)| < Nrlzi — zi|IxP™",  x € Br.
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For x,y € Br, |x —y| <2R. Thus,

cr(zi, z2) = sup [ |Gy (x =) — G, (x = ¥)||V|(dx)
YEBR JR?

< sup | Narlzi — za||x — y[*7"|V|(dx)

yEBR JR"
= Nyr|z; — 22| CMR" (by (3.17))
= Ni|zy — 2o,

where Ny = NbgCMR". O

With the aid of the above lemma we can now establish the uniform continuity
of Qn(z) in w; with the following:

Lemma 4.6. Let V be a measure on R" satisfying the conditions of Lemma 4.5.
Let w; be as above. Then Q(z) = A(AR(Z))* is uniformly continuous in wy .

Proof. For z,, z; € wy,
I([Q(21) — Q(22)]u, v)|?
J[(6a =9 = Gl =WV (¥ ()

2

< / / G, (% = ¥) = Gy (x — )| )1V (@) V |(dx)

% [[ 1606 =) = Guslox = W)l PV @) V()
=ci(z1, z2) |l |lv).
We now apply Lemma 4.5 to conclude
(4.22) 1Q(21) = Q(22)|| < Nylzi = z2].
This establishes the uniform continuity of Q(z) on w;. O

Lemma 4.7. If the measure V satisfies (1.4) and (1.5) or (1.6) and (1.5) and
Q(z) and Qn(z) are as above, then Qn(z) converges to (Q(z) in norm as
N — oo. In addition, the convergence is uniform for z € wy .

Proof. We write
(4.23) [(1Q(2) — Qn(2)Du, v)* = [(AV[AR@)]*u, v) + (AN[AYR(@)]*u, v).

Examining the first term in (4.23) we have

2
(AMAR@) U, ) < ] J[ 6xtx = oV @) ¥ax)

<4V +13),

where
2

@24 Y= | [, G = oGV ()@
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and
2

(4.25) =

f /l | Gl =y OCV () )
x—y|>

Using our estimates for G, for z € w; we have
2
1Y < { / /I Al =P ) ) |V|<dy)|VN|<dx>}
X=Y|S

< // crl(x = y) = u) IV (dy) |V ¥ |(dx)
(4.26) x—yI<1

— y)|2—n 2
x / /|x_y|§c1|<x Yo (x) IV |(dy)| Y |(dx)

x>N

< ceflulP|lv])? sup / IGx = )PV I(dy).
[x—y|<L1

where ¢ is the uniform bound on flx—yl <1 1X = y[*7"|V|(dx) by assumption
(1.5). By (1.5) we see the last integral in (4.26) vanishes as N — oo. Thus,
IV — 0 uniformly in w; as N — oo.

Turning our attention now to /) and again using the Green’s functions
estimates we have

2
< / / Ci|(x — )| =2~ mm=2 ()] v ()| |V |(dp)|V V| (d)
[x=y|>1

< C12||u1|2||v||2// x = yI'"" V@)V V|(dx),

where Cy = sup,¢,, |k[®~"/2¢; . By the integrability condition (1.6) we see the
last integral above vanishes as N — oo. Thus Ié" — 0 uniformly in w; as
N — 0.

If V satisfies (1.4), then IV satisfies

2
M2 < // C1|(x — )| =2~ mulx=r ()| [v(x)| |V |(dy)|V V| (dx)
|x=y|>1

2
< Clul|v]]? sup { / / I(x - y)l“'”)/lel(dX)} .
y>N |x—y|>1

By condition (1.4) we see the last integral above vanishes as N — oo. Thus,
IY — 0 uniformly in w; as N — oo under either (1.4) or (1.6). Turning now
to the second term in (4.23) we have

2

(ANTAYR(2)T U, v < ’ / [ Gulex =y oGV (dy) Vildx)

<4+ 1),

where
2

(4.27) =

/ / Ge(x — P)u(yYO) VN (dy)Viv(dx)
[x—y|<1




430 R. L. FORD

and
2

(@28) I - ’ S, el =y 0TV V()

Similar estimating methods as those applied above reveal that I;" and I} also
vanish uniformly in w; as N — oo under either (1.4) or (1.6).
Combining the above estimates we have in view of (4.23) that

(4.29) 10(2) = On(2)IP <4 + Y + Y + IYY)
for all z € wy. Thus, Oy(z) — Q(z) uniformly for z€ w;. O

Corollary 4.8. Under conditions (1.4) and (1.5) or (1.6) and (1.5), Q(z) as above
is uniformly continuous for z € wy.

Proof. The result follows since each Qy(z) is uniformly continuous in wy,
and On(z) — Q(z) uniformly in w;. O

Completion of the proof of Theorem 1.1. From the above we have shown that
all of the conditions (a)-(e) of Theorem 2.1 are satisfied. We now let Q* and
Q~ be any Hahn decomposition of V' into its positive and negative parts and
define a multiplication operator, E , by the rule:

1 if x € QF,
(4.30) Ex)=¢ -1 ifxeQ~,
0  otherwise.

Then clearly E is a bounded, selfadjoint operator on K. Finally, it is easily
verified that for B =EA,

(4.31) /u(x)v(x)V(dx) = (Au, Bv)g.
This completes our proof. 0O
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